Abstract. The hidden subgroup problem (HSP) plays an important role in quantum computation, because many quantum algorithms that are exponentially faster than classical algorithms are special cases of the HSP. In this paper we show that there exist a new efficient quantum algorithm for the HSP on groups Z N Z q s where N is an integer with a special prime factorization.
Introduction
The most important problem in group theory in terms of quantum algorithms is called hidden subgroup problem (HSP) [7] . The HSP can be described as follows: given a group G and a function f : G → X on some set X such that f (x) = f (y) iff x·H = y ·H for some subgroup H, the problem consists in determining a generating set for H by querying the function f . We say that the function f hides the subgroup H in G or that f separates the cosets of H in G. A quantum algorithm for the HSP is said to be efficient when the running time is O(poly(log |G|)). There are many examples of efficient quantum algorithms for the HSP in particular groups [10, 11] . It is known that for finite abelian groups, the HSP can be solved efficiently on a quantum computer [7] . On the other hand, an efficient solution for a generic non-abelian group is not known. Two important groups in this context are the symmetric and the dihedral groups. An efficient algorithm for solving the HSP for the former would imply in an efficient solution for the graph isomorphism problem [1] and for 2 the latter would solve instances of the problem of finding the shortest vector in a lattice, which has applications in cryptography [9] .
In this article, we describe a new efficient quantum algorithm to solve the HSP in the specific class of non-abelian groups, i.e., the semi-direct product groups of the form G = Z N Z q s , where, N is factorized as p r 1 1 . . . p rn n and there exists a 1 ≤ k ≤ n such that q t (q odd prime) divides p k − 1 and q does not divide p i − 1 for all i = k. Te parameter t ∈ {0, 1, . . . , s} characterizes the group as can be checked in Sec. 2. Our algorithm was inspired by the work of Chi et. al. [2] that solved the HSP in Z N Z p , where p is a prime that does not divide p i − 1 for any of the prime factors p i of N . As in [2] , we use the homomorphic properties of G = Z N Z q s to reduce the problem to similar ones with known efficient solutions. As far as we know this is the first efficient quantum algorithm to solve the HSP in this class of groups.
This work is organized as follows. In Section 2, we give the relevant definitions and results concerning the semi-direct product groups and explain its homomorphisms and their properties. In Section 3, we present our main result and we show that there exist an efficient quantum algorithm for the HSP on the groups. In Section 4, we draw our conclusions.
Semi-direct Product Groups
The semi-direct product of two groups A and B is defined by a homomorphism φ : In this paper we consider the HSP on the semi-direct product groups G = Z N φ Z q s for positive integers N and s and odd prime number q. We assume that the prime factorization of N is p r 1 1 . . . p rn n and there exist a 1 ≤ k ≤ n such that q t divides p k − 1 and q does not divide p i − 1 for all i = k. The parameter t ∈ {0, 1, . . . , s} characterizes the group as shown in the following.
The elements x = (1, 0) and y = (0, 1) generate the groups
is the identity element of the group Aut(Z N ). Then α q s = φ(q s )(1) = 1. If the element α ∈ Z * N satisfies the congruence relation X q s = 1 mod N , then it defines the semi-direct product Z N α Z q s . In this case, we must have ord(α) = q t for some integer 0 ≤ t ≤ s. The case t = 0 reduces to the direct product Z N × Z q s , which is an abelian group. An efficient solution for the HSP is known for this case [7] . Since α ∈ Z * N , q t divides ϕ(N ) = p
, where ϕ is the Euler phi-function. Then, we can choose the option q t | p n − 1 with no loss of generality. Now note that due to factorization of N , the group Z N is isomorphic to product of cyclic groups Z p r 1 1
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The elements of (Z p 1 . . . p rn n and q an odd prime such that q = p i and s a positive integer. Define the semi-direct product group G = Z N α Z q s for an α ∈ Z * N . Let t ∈ {1, . . . , s} be the smallest positive integer such that α q t = 1. Let us assume that there exist a 1 ≤ k ≤ n such that q t | p k − 1 and q p i − 1 for all i = k. By choosing k = n (WLOG) we have
for some homomorphism ψ from Z q s into the group of automorphisms of Z p r and p = p n and r = r n .
Proof. Note that φ(q s ) is the identity map I on Z p . Thus, there exists a homomorphism ψ from Z q s into the group of automorphisms of Z p r (p = p n and r = r n ), such that for all b ∈ Z q s and all (a 1 , . . . , a n ) ∈ Z p a 1 , . . . , a n ) = (a 1 , . . . , a n−1 , ψ(b)(a n )).
4 Now for two elements g = ((a 1 . . . , a n ), b) and g = ((a 1 . . . , a n ),
) φ Z q s , the group operation is defined by gg = ((a 1 , . . . , a n ) + φ(b)(a 1 , . . . , a n ), b + b ) = ((a 1 + a 1 , . . . , a n−1 + a n−1 , a n + ψ(b)(a n ), b + b ).
Define the map
such that Γ(a 1 , . . . , a n , b)) = ((a 1 , . . . , a n−1 ), (a n , b)). It is easy to show that this map is indeed an isomorphism.
3 Quantum Algorithm for HSP in Z N φ Z q s
In this section we present an efficient quantum algorithm that can solve the HSP in Z N φ Z q s , where N is factorized as N = p r 1 1 . . . p rn n and given a 1 ≤ t ≤ s, there exists a 1 ≤ k ≤ n such that q t divides p k − 1 and q p i − 1 for all i = k.
By defining N = N/p rn n we obtain Z p
The orders of the groups in this direct product are relatively prime. Hence, from Lemma 3 (Ref. [2] ), if H is a subgroup of
where H 1 is a subgroup of Z N and H 2 is a subgroup of Z p r ψ Z q s . The HSP on Z N Z q s reduces to the HSP on each factor by the following. Let f be the oracle function that hides the subgroup H in Z N × (Z p r ψ Z q s ). For simplicity of notation, let us call A = Z N and B = Z p r ψ Z q s . Define oracle function f 1 by the restriction of f to A, which hides H 1 in A. Analogously, define oracle function f 2 by the the restriction of f to B, which hides H 2 in B. The solution of the HSP in the groups A and B with functions f 1 and f 2 determines generators for the subgroups H 1 and H 2 , respectively. The group A is abelian and the group B was addressed in [5, 6] and recently generalized by [4] . Therefore, we obtain the following result: Theorem 3.1. Let N be a positive integer with prime factorization p r 1 1 . . . p rn n , q an odd prime such that q = p i and s a positive integer. Define the semi-direct product group G = Z N α Z q s for an α ∈ Z * N . Let t ∈ {1, . . . , s} be the smallest positive integer such that α q t = 1. Let us assume that there exist a 1 ≤ k ≤ n such that q t | p k − 1 and q p i − 1 for all i = k. Then there exists an efficient quantum algorithm that solves the HSP in the semi-direct product groups Z N α Z q s .
Conclusion
We have addressed the HSP on the semi-direct product groups G = Z N Z q s where N is factorized as N = p r 1 1 . . . p rn n and given a 1 ≤ t ≤ s, there exists a 1 ≤ k ≤ n such that q t divides p k − 1 q p i − 1 for all i = k. By employing an isomorphism between Z N Z q s and 5 the direct product of Z p r ψ Z q s with cyclic groups we have shown that the HSP can be reduced to similar HSPs the solutions of which are already known. This provides a new efficient solution for the HSP on G.
